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In nonlinear disordered Hamiltonian lattices, where there are no propagating phonons, the spreading of energy is of subdiffusive nature. Recently, the universality class of the subdiffusive spreading according to the nonlinear diffusion equation (NDE) has been suggested and checked for onedimensional lattices. Here, we apply this approach to two-dimensional strongly nonlinear lattices
and find a nice agreement of the scaling predicted from the NDE with the spreading results from
extensive numerical studies. Moreover, we show that the scaling works also for regular lattices with
strongly nonlinear coupling, for which the scaling exponent is estimated analytically.

I.

INTRODUCTION

Nonlinearity may have a nontrivial effect on energy
spreading in extended systems. In regular, homogeneous
in space media and lattices, nonlinearity can partially
block or reduce the linear spreading mediated by waves
(phonons), due to creation of localized structures (solitons, breathers). Contrary to this, in systems where there
are no propagating linear waves, nonlinearity is the only
mechanism responsible for the spreading of initially localized wave packets. This situation will be addressed
in this work. One of the possibilities to suppress the
linear spreading is to introduce disorder in the system.
Then, in one and two dimensions, all linear eigenmodes
become localized and their spectrum becomes purely discrete, this effect is known as Anderson localization (see [1]
and [2–4] for recent experimental observations). In this
case nonlinearity leads to a weak subdiffusive spreading
of the wave packets, as has been demonstrated in one [5–
13] and two [8, 14] dimensions. It should be noted that
these results are mainly based on numerical experiments,
while purely theoretical attempts (cf. [15–17]) have not
been fully successful in explaining numerical observations. Also, by studying chaos properties [18] and the
possible existence of KAM tori [19], some reasoning for
a slowing down of spreading has been proposed.
Another situation where linear waves are absent are socalled strongly nonlinear lattices [20–22]. These lattices
consist of linear or non-linear oscillators which are coupled to nearest neighbors by nonlinear forces. The propagating modes here can be nonlinear waves only, typically
these waves are compactons [24]. An example of such
a lattice is the well-known toy “Newton’s cradle” [25].
Again, disorder in such a lattice blocks the compactons
(if they exist) and the observed spreading is not a traveling wave phenomenon, but a slow subdiffusive process.
All the numerical evidence in the cited literature indicates for a subdiffusive spreading of wave packets due
to weak chaos. A natural question is whether this phenomenon can be described phenomenologically as a certain “universality class”, similar to successful statistical

approaches to problems like percolation and roughening of interfaces. In recent papers [22, 23] such a phenomenological description based on the properties of the
Nonlinear Diffusion Equation (NDE) has been proposed
and tested for one-dimensional lattices. Here, we extend
this theory to two dimensions, and compare the scaling
following from the NDE with numerical results from an
extensive study on 2D strongly nonlinear lattices. We
emphasize that within this framework we also can investigate spreading in regular lattices, where all oscillators
are in resonance. This is a new, theoretically important
case, helping to promote the understanding of nonlinear
spreading, as here also a theoretical prediction on the
spreading exponent is possible.
We start in section II by describing the twodimensional Hamiltonian lattices. Then, in section III,
we introduce the two-dimensional NDE and deduce the
scaling and spreading properties from its self-similar solution. This is followed by section IV with our main
results, the comparison of these predictions with the extensive numerical simulations. We study several cases
of two-dimensional lattices and also provide theoretical
predictions of the spreading exponents when possible.

II.

2D STRONGLY NONLINEAR LATTICES

The model considered here is a straightforward generalization of the system considered in [22, 23] to two
dimensions; it consists of oscillators with power-law local and interaction potentials described by the following
Hamiltonian:
X
H=
Ei,k
i,k

2
p2i,k
W ωi,k
Ei,k =
+
|qi,k |κ +
2
κ
β
(|qi+1,k − qi,k |λ + |qi−1,k − qi,k |λ
+
2λ
+ |qi,k+1 − qi,k |λ + |qi,k−1 − qi,k |λ ) .
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FIG. 1. Instantaneous logarithmic local energy density
log10 wi,k for κ = 2, λ = 4 at times 102 , 104 and 106 (left
to right panels). The upper row shows results for a regular
lattice (ωi,k = 1) with energy E = 1 (W = β = 1 from variable transformations). The lower row is from simulations of
a disordered lattice (ωi,k ∈ [0, 1]) with energy E = 10. The
total size of the squares is 160x160 lattice sites.

Here qi,k and pi,k are the positions and momenta of the
oscillator at lattice site i, k of a quadratic lattice with
nearest neighbor coupling. Parameters κ and λ represent the power of the local and the coupling potentials;
ωi,k is a parameter of the local potential and we study
this model with a random local potential (randomly iid.
ωi,k ∈ [0, 1]) as well as in the regular case where ωi,k = 1.
Parameters W and β describe the local and the coupling
strength in this model.
We have a freedom of rescaling the Hamiltonian and
the time to get rid of some parameters (this is done similarly to the one-dimensional case [22, 23]). In the case
of different nonlinear powers κ 6= λ, parameters W and
β can be set to W = β = 1 by rescaling q, p and t, and
the only remaining parameter is the total energy E in
the system.
For a homogeneous nonlinearity with equal powers
κ = λ, by a proper rescaling, the energy and the local
nonlinear strength can be set to E = W = 1 and β is the
only remaining parameter in this case, describing relation
of the coupling and the local potential. This possibility
to scale the total energy to unity induces the following
scaling relation between the energy and the time [22, 23]:
t ∼ E 1/κ−1/2 .

(2)

We will use this result later for comparison with the scaling predictions of NDE.
Starting from initially localized excitations in such a
two-dimensional lattice, we find sharply localized spreading states. This observation is illustrated in Fig. 1 where
we show the time evolution of a random initial excitation of 5x5 sites for a lattice with κ = 2, λ = 4 and
random local potential (ωi,k ∈ [0, 1]) as well as the regular case (ωi,k = 1). Our fundamental observable is the

distribution of energy density wi,k = Ei,k /E where Ei,k
is the local energy at site i, k defined in (1). One observes in Fig. 1 that the extent of the excitation clearly
increases with time and has very sharp tails at the boundary (note the logarithmic scale of the grey coding). The
states spread roughly circular, although with disorder
(lower row in Fig. 1) the boundary is more rough than in
the regular case. We note that, opposed to the 1D case
[20, 23], no compactons or quasi-compactons that propagate through the lattice are observed in the 2D case, even
without disorder (upper row in Fig. 1). This allows us to
apply the same approach to both regular and disordered
lattices.
To quantify the spreading of energy density shown in
Fig. 1 we introduce the 2D second moment calculated as:
∆n2 =

X
i,k


(mx − i)2 + (my − k)2 wi,k .

(3)

P
P
with mx = i,k i wi,k and my = i,k k wi,k being the
center of the distribution. ∆n2 is a measure for the excitation area in terms of the number of excited sites. In
order to have a characterization of the uniformity of the
wave field, we need to calculate other quantities that are
more or less sensitive to peaks in the distribution. Following [26] we P
calculated the Rényi entropies of
Pthe distri2
,
bution S = − i,k wi,k ln wi,k and S2 = − ln i,k 1/wi,k
(the latter is directly related to the participation number), and combined them into the structural entropy defined as:
Sstr = S − S2 .

(4)

If the structural entropy is constant in course of evolution, then the relative strength of the peaks in the distribution of energy does not change; growing structural
entropy means that peaks become relatively stronger.

III.

2D NDE

The Nonlinear Diffusion Equation (NDE) was found
to give reasonable predictions on the spreading in onedimensional strongly nonlinear lattices [22, 23]. Here, we
will analyze the 2D NDE and deduce predictions for the
scaled spreading for two-dimensional lattices. The NDE
in terms of a time- and space-dependent energy density
ρ(~r, t) reads as:
∂ρ
= ∇ (ρa ∇ρ) ,
∂t

with

Z

ρ d2~r = E .

(5)

Here ~r is the two dimensional vector and a is a nonlinearity index which later will be related to the exponents
of the spreading. The second equation represents the
conservation of the total energy. The NDE possesses a

3
radially symmetric, self-similar solution:

 a1

1

|~
r |2
a
(t − t0 )− 1+a B − 4(a+1)
t1/(1+a)
ρ=
0

|~r|2 < R2 ,

|~r|2 > R2 ,
(6)

R2 = 4B

a+1
· (t − t0 )1/(a+1)
a

and B =



E
4π

a
 a+1

with a being an unknown constant at this point. However, for the homogeneous case κ = λ it is possible to
find an analytical prediction for a as a function of the
lattice nonlinearity κ as will be presented in section IV.
Moreover, for a regular quadratic local potential κ = 2,
ωi,k = 1 all oscillators are in resonance and a resonant
pertubation analysis gives an analytic prediction for a in
dependence of the coupling nonlinearity λ, also shown in
the next section.
For the general, nonhomogeneous (κ 6= λ) disordered
case ωi,k ∈ [0, 1] we still remain on the phenomenological level and check the scaling relation (8) by plotting
the numerical data in appropriate coordinates. Generally, one may expect that a is not a constant, but itself is
E
a function of density ∆n
2 , in this case one would observe
a deviation from the perfect power law (8) while the scaling coordinates may remain valid (such a situation was
observed in several one-dimensional lattices [22, 23]).
From the self-similarity of the solution it immediately
follows that the NDE predicts the structural entropy to
be constant in the course of spreading:
Sstr (t) = S − S2 ≈ const .

(9)

Deviations from this relation may indicate against validity of NDE.
IV.

10

.

(7)
Here R(t) denotes the radius of the excitation, hence
the excitation area of spreading states should follow
∆n2 ∼ R2 . Substituting B in the expression for R2 , we
find the scaling prediction of the NDE for the excitation
area:
ν

∆n2
1
t − t0
∼
ν=
,
(8)
E
E
a+1

NUMERICAL RESULTS

Here, we will check the analytical predictions from the
NDE by numerical simulations of 2D nonlinear lattices of
the form (1). For the numerical time evolution we used
a 6-th order symplectic Runge-Kutta scheme [27] with
step-size ∆t = 0.1 (∆t = 0.5 in Fig. 2).
Homogeneous nonlinearity

At first, we chose the homogeneous case with κ = λ =
4, 6, where the energy can be set to unity and the only
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FIG. 2. (Color online) Second moment ∆n2 (t−t0 ) for the homogeneous nonlinearities κ = λ = 4 in a regular 2D (ωi,k = 1,
red line) and a disordered (ωi,k ∈ [0, 1], black circle) lattice for β = 1. t0 was adjusted by hand to account for
the long transient behavior before the power-law spreading
is observed. The dashed lines show the expected behavior
∆n2 ∼ (t − t0 )4/5 . Note, that here no averaging over initial
conditions was done, the graph shows the behavior of single
trajectories. In inset (a) we plot the numerical spreading exponent ν obtained from finite differences, also together with
the expectation from the NDE. Inset (b) shows the behavior
of the structural entropy Sstr (t − t0 ).

relevant parameter is the relative coupling strength β.
First we note that from (7) we find an energy-time relation, namely t − t0 ∼ E −a , that is imposed by the selfsimilarity of the spreading solution of the NDE. Comparing this with the energy-time scaling in the homogeneous
(κ = λ) lattice (2), we get an exact result for the nonlinear parameter of the NDE in this case: a = κ−2
2κ . Hence
for κ = λ the NDE gives an exact spreading prediction,
namely:
∆n2 ∼ (t − t0 )2κ/(3κ−2) .

(10)

We compare this with numerical results in Figs. 2,3.
We used a random initial excitation of 5x5 sites and we
show results for β = 1. We also obtained results for
β = 0.1, 2 with similar outcome and which are ommited
here. For these simulations we show the results of a
single, exemplary trajectory – hence no averaging over
random initial conditions is performed. Contrary to the
one-dimensional case, here the fluctuations of the propagation velocity are very small, because of the effective
averaging over the large border (∼ 103 sites) between excited and non-excited regions. Calculations for different
random initial conditions with shorter integration times
showed no significant difference.
In both cases we find a nice convergence of the spreading towards the predicted subdiffusive law ∆n2 ∼ tν with
ν = 2κ/(3κ − 2), both for disordered and regular lattices.
Insets show the convergence of the spreading exponent
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obtained from finite differences of the numerical results
on ∆n2 . For κ = λ = 4, however, we have not quite
reached the asymptotic regime in our simulation, but the
results seem to indicate a convergence towards the prediction ν = 4/5. Another inset shows the structural entropy
which converges to a constant value, in consistency with
the NDE.
Overall, we believe that the good agreement of the
numerical results with the predictions of the NDE in the
homogeneous case κ = λ is a convincing evidence that
the NDE is the correct framework to describe spreading
in nonlinear Hamiltonian lattices also in two dimensions.
We again note that in this case the NDE gives an exact
analytic prediction on the spreading exponent ν which is
verified numerically as the asymptotic behavior.

Nonhomogeneous nonlinearity, regular lattice

We now turn to the more general situation of κ 6= λ focusing on the case of the linear local oscillators κ = 2 and
nonlinear coupling λ = 4, 6. We start with the regular
lattice were ωi,k = 1, hence all oscillators are in resonance. In this case, again an analytic prediction for the
NDE parameter a can be obtained based on a time-scale
analysis of the resonant dynamics. The main idea is that
the spreading can be considered as a sequence of excitation events: given a number of already excited oscillators,
a new oscillator on the border will be subject to a resonant forcing induced by its already excited neighbor, and
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FIG. 3. (Color online) Second moment ∆n (t − t0 ) for the
homogeneous case κ = λ = 6 in a 2D lattice with disordered
on-site potential (ωi,k ∈ [0, 1], black circles) and the regular
case (ωi,k = 1, red line). The dashed line shows the expected
behavior ∆n2 ∼ (t − t0 )3/4 . In inset (a) we show the numerical spreading exponent ν which is the slope of the curves and
should converge to ν = 3/4. Inset (b) shows the behavior of
the structural entropy Sstr (t − t0 ). Note that here no averaging over disorder realizations was done, the graphs show the
behavior of single trajectories.

/E

2



3
2
1
03 4 5 6 7
10 10 10 10 10



106 1.0

E = 2.00
E = 1.00
E = 0.50
E = 0.10
slope 1/2

104

105

106

(t−t0 )/E

108



Sstr

104 105 106 107
107

108

FIG. 4. (Color online) Spreading results for the inhomogeneous case κ = 2, λ = 4 (upper graph) and λ = 6 (lower
graph) in a regular (ωi,k = 1) lattice for different energies.
The results are averaged over random initial conditions. We
plot the scaling prediction h∆n2 i/E vs t/E. The insets show
the behavior of the structural entropy Sstr (t).

its energy will grow due to this forcing.
Let us consider an initially non-excited site, a neighbor
of which demonstrates oscillations with amplitude ǫ and
frequency Ω = 1 + aǫλ−2 (this shift of frequency follows
from the nonlinear coupling term). In the Hamiltonian
for the initially non-excited site these oscillations appear
as a driving force:
|q − ǫ sin Ωt|λ
p2 + q 2
+
.
(11)
2
λ
To describe the resonant excitation, we √
transform to the
action-angle
variables
θ,
I
with
p
=
−
2I cos(θ − Ωt),
√
q = 2I sin(θ − Ωt) to obtain
√
| 2I sin(θ − Ωt) − ǫ sin Ωt|λ
H1 = −aǫλ−2 I +
. (12)
λ
Averaging over the phase of fast oscillations Ωt we obtain
a resonance averaged Hamiltonian
√
√
hH1 i = −aǫλ−2 I + ǫλ F ( 2Iǫ−2 cos θ, 2Iǫ−2 sin θ) ,
(13)
H1 =

5

t∼E

2−λ
2

.

102

(15)

We stress here again that this analysis is based on resonant excitation and definitely not possible neither for
strongly nonlinear local potentials κ > 2 nor for disordered lattices.
We check this prediction numerically for λ = 4, 6. We
started from 24 different random intial excitations of 5×5
sites for each energy and calculated the averages of ∆n2
and Sstr . Fig. 4 shows the results for the regular lattice
(ωi,k = 1) for κ = 2 , λ = 4 (upper graph) and λ = 6
(lower graph) for different energies. The NDE predicts
the energy scaling of the spreading to be ∆n2 /E ∼ ((t −
t0 )/E)1/(a+1) , hence we plot ∆n2 /E vs (t − t0 )/E and
indeed find an almost perfect collapse of data for different
energies in both cases λ = 4, 6. Moreover, we also find
perfect correspondance of the resonance prediction a =
(λ − 2)/2, hence ∆n2 ∼ tν with ν = 2/λ from above (15).
The structural entropy, however, shows a behavior in
contradiction to the self-similar solution as seen in the insets of Fig. 4. We see a clear logarithmic increase of Sstr
for all energies during the spreading. This is a clear indication that the spreading state is not truly self-similar in
time. We believe that this is due to the excitation of some
long-living breather states in this system that trap some
of the energy and decay much slower than the spreading
process, if at all. As our measure of the excitation area
∆n2 is mainly governed by the excitation boundary, it is
insensitive to such non-decaying breathers which might
explain why we still find the predicted scaling.
Nonhomogeneous nonlinearity, disordered lattice

Finally, we investigate the case of a disordered potential ωi,k ∈ [0, 1] also with κ = 2, λ = 4 and λ = 6. In
this case the oscillators are (typically) out of resonance
and the predictions above do not hold. Generally, one
expects a much slower spreading than for resonant oscillators. A conclusive analytical estimation for this case

/E

∆n2 ∼ t2/λ .
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On the other hand, for the NDE (5) the relation t ∼ E −a
holds. Thus, we obtain
a=
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where F (x, y) = λ2π
0 dξ |x cos ξ −y sin ξ −sin ξ| . The
canonical equations of motion for I, θ can be reduced to a
fully dimensionless form by rescaling I → ǫ2 I, t → ǫλ−2 t,
dropping out any ǫ–dependence. Thus, these equations
describe growth of energy in the driven nonlinear oscillator to the level ∼ ǫ2 during the time T ∼ ǫ2−λ .
Let us now consider how this characteristic time scales
with the total energy in the lattice E. If we assume that
the form of the distribution of the energy over the excited
sites remains the same for all energies, then ǫ2 ∼ E and
we obtain that the characteristic time for the excitation
of an initially non-excited site scales with the total energy
as
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FIG. 5. (Color online) Spreading results for the inhomogeneous case κ = 2, λ = 4 (upper graph) and λ = 6 (lower
graph) in a disordered (ωi,k ∈ [0, 1] iid.) lattice for different
energies. The results are averaged over random potential realization. We plot the scaling prediction h∆n2 i/E vs t/E. The
insets show the behavior of the structural entropy hSstr i(t).

is still lacking at this point. Fig. 5 shows the results for
the disordered case for κ = 2 , λ = 4 (upper graph) and
λ = 6 (lower graph) for different energies. Here, we average over 24 realizations of disorder. Again, we follow
the prediction on the energy scaling of the NDE and plot
∆n2 /E vs (t−t0 )/E. As above, we find an almost perfect
collapse of data for different energies for the case λ = 4,
for λ = 6 the collapse is not as clear but still convincing.
We observe a spreading exponent ν that is nearly constant ν4,d ≈ 1/4 for λ = 4 and ν6,r ≈ 1/6 for λ = 6 over
the studied interval, with a slight decreasing of ν for long
times/small energy densities.
Hence, the spreading process in the disordered case
also obeys the energy scaling prediction of the NDE,
moreover the saturation of the structual entropy is a sign
of self-similarity of the spreading states. The reason why
in regular lattices breather states emerge that destroy
self-similarity but not in disordered lattice is still to be
understood. One possible explanation might be that for
a non-random potential one can apply an averaging over
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the fast oscillations of the oscillators which leads to a
nonlinear Schrödinger lattice equation for the complex
variable ψi,k := qi,k + ι pi,k
P [28]. This introduces a new
conserved quantity, N = |ψ|2 , which supports the formation of breathers [29]. For a random potential, this
averaging is not applicable, or at least leads to less exact
results, as each oscillator has a random frequency and one
can not apply a global averaging over these oscillations,
hence breathers are less likely in this case.
V.

CONCLUSION

In conclusion, we have extended the framework of
the phenomenological description of energy spreading in
strongly nonlinear lattices based on the self-similar solution of the Nonlinear Diffusion Equation to two dimensions. For the homogeneous case of equal nonlinear
powers κ = λ, it is possible to deduce an exact spreading law ∆n2 ∼ tν where the exponent can be calculated exactly from comparing the energy-time relations
as ν = 2κ/(3κ − 2), similar to previous results in one dimension [22]. Numerical simulations of two-dimensional
nonlinear Hamiltonian lattices with κ = λ = 4, 6 showed
a good convergence of the spreading towards this analytic
expectation.
For the non-homogeneous case, we checked the energy
scaling prediction from the NDE for the two cases κ = 2,
λ = 4, 6 for disordered and regular lattices. The latter
was possible due to the absence of traveling compactons
in the two-dimensional case, opposed to one dimension.
We found that the spreading in such non-linear lattices
does show the predicted scaling of the number of excited
oscillators with energy and time. However, for the regular case there appears to be an additional mechanism
that leads to deviations from the expected self-similarity
of the field profile, as indicated by a growth of the structural entropy. For disordered potentials, however, the
numerical results for this entropy nicely follow the scaling prediction and we conclude that in this case the NDE
again gives the correct description of the spreading be-
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