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1. Introduction

The general understanding of the relation between chaos in clasgisystems, and
ergodicity and thermalization is still far from complete nowadays. luitively, one

expects from high-dimensional, non-integrable complex systemsdemonstrate strong
chaos and thus it seems reasonable to expect thermalization. Thisassentially the
fundamental assumption of classical thermodynamics|[1]. The cotidns under which

this assumption can be safely made, however, is still an open questidt is not known

what level of \chaoticity" or \complexity" is required to ensure thermalizing behavior.

Chaos can be often seen as a consequence of nonlinear pertiwhatof an integrable
system. The solutions of the unperturbed, integrable part of shca system are called
modes. Starting with only a few initially excited modes, one can view thmalization

as spreading in the mode-space, i.e. the excitation of new modese da the nonlinear
chaotic interactions.

However, already the rst attempts to follow such a thermalizationof modes
initiated by Fermi, Pasta, and Ulam revealed many extremely nontriviae ects, still
not completely understood (see Refs.|[2] 3] for recent progresfsthe FPU problem).
A very important case is when the integrable modes are spatially locadid. Then the
thermalization process is a spatial di usion where more and more mesl get excited.
This allows to connect the rather abstract concept of thermalizain in the mode-space
with the very intuitive phenomenon of spatial di usion. A prominent example where this
has been studied very extensively in the past, is the interplay betee nonlinearity and
disorder. In this case, due to Anderson localization, linear eigenneslare exponentially
localized and the spectrum is purely discreté[4]. Recent numericalpeximents with
nonlinear disordered lattices have demonstrated that the initially lcadized wave packets
spread in a very weak, subdi usive manner [5,6, 7] 8] 9,110,/ 11, 1A,(14, 15/ 16, 17,
18,19,[20]. A complete theoretical understanding of the subdi uge behavior has not
been presented, but it is mostly agreed on that the spreading in tbe models is induced
by weak chaos. However, the true asymptotic behavior is still disssed in some of
these models with recent claims that spreading might stop due to arxtenction of
chaos[[21, 17, 22].

In this paper we follow the scaling approach to this problem, rst famulated in
[18] and recently extended to two-dimensional systenis [23]. We witytto establish and
to check numerically the scaling relations for the properties of sf@ding, in dependence
on the total energy of the initial wave packet. In these works, & nonlinear di usion
equation (NDE) was proposed to describe the spreading processlahis assumption
was veri ed by several numerical simulations. Here, we will generadizhis model by
introducing the fractional nonlinear di usion equation (FNDE), and we will present
new numerical results that will show that in some cases indeed onlyetl-NDE gives a
correct scaling description of the spreading process. We formudahe scaling relations
based on this equation, and check their validity for nonlinear lattices

We will start with formulating the object of our study, strongly nonlinear
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Hamiltonian lattices. We present a phenomenology of energy spraéagl and de ne

the statistical quantities characterizing it in section[2. Next, we intoduce a

phenomenological model that we use to describe the properties thie spreading

process, namely the fractional nonlinear di usion equation (sectidd). From its scaling

properties, we derive spreading predictions for the strongly nonéar Hamiltonian

lattices. In section[4 we present extensive numerical calculationgr fdi erent classes

of the nonlinearity. These results are compared with the predictieanfrom the FNDE

and we identify di erent degrees of con rmation for di erent nonlinear classes. We end
with concluding remarks where the found \universality classes" areummarized.

2. Strongly nonlinear lattices

The main goal of this paper is to study properties of energy spreiad in strongly

nonlinear lattices. By strongly nonlinear we understand lattices wine the coupling is
described by nonlinear functions that disappear in the linear limit. Sohkere are no
linear waves (phonons) in such lattices and energy transport canlsly be induced by
the nonlinear coupling. Such lattices can be introduced in the framewk of equations
for the complex amplitudes (and then one obtains a strongly nonlinegeneralization
of the nonlinear Schmdinger equation) or as a generalization of aahhiltonian Klein-

Gordon lattice. In this work we follow the latter way. Moreover, we estrict ourselves
to pure power-law nonlinearities.

2.1. Hamiltonian

In one dimension we formulate a strongly nonlinear lattice in terms of &amilton
function for positions gc and momentapy of oscillators labelled by site indexX:

1 2

_ X Pk k :
H= S+Wg+ (G 9) (1)
k

Here 2 and > 2 denote the powers of the on-site potential and the coupling term
respectively. For =2 we have a chain of nonlinearly coupled linear on-site oscillators;
for > 2 the on-site oscillators are nonlinear as well. Below we study situat®nvith
and without disorder, the latter is introduced via the variations of he parameters of the
local potential ! ¢ (these are linear frequences of the oscillators if= 2 and parameters
of the nonlinear on-site potential if > 2). Note, that the integrable part of this system
are uncoupled oscillators (! 0), which means that the modes of the integrable system
are extremely localized on one site.

2.2. Rescaling

Hamiltonian (1) contains two parametersW and that determine the time scale and
the ratio of local to coupling potentials. For di erent local and couging nonlinearities,
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i.e. for 6 ,we can getrid of these two parameters by rescaling the canonivatiables
and time as follows:

Ok I Wb bq( : P W b=2 b:2pk : t! W(2 )b=2 ( 2)b=2t; (2)

with b=1<( ). W and disappear from the equations and we are left with the total
energy E as the only relevant parameter depending on the initial state. Addnally,
the distribution of local \frequencies"! y is relevant, while the width of this distribution
is rescaled together withWW. We will consider three cases: (i) no disordet,, = 1; (i)
\soft" local oscillators, in this case the \frequencies" ¢ are chosen iid. from [D1]; (iii)
\hard" local disorder, here the \frequencies"! y are chosen iid. from [(; 1.5]. In the
rescaled coordinates the Hamiltonian reads

X 2 2
o POyt G ad (3)

. 2

One special and highly interesting case occurs when the on-site amaipling terms
have the same nonlinearity = . As now all terms in g have the same power, one
cannot set both parametersV and to one by rescaling as before. Instead, one can
use the remaining freedom to set the total energl to unity:

q!'E ¥*wW ¥q; p'E ¥p; t! w FEF 2. (4)

Particularly, this means that the energy is not a free parameter dhe system but can
rather be scaled to, sayE = 1, what also involves an appropriate change of the time
scale. We note that the only remaining parameter is the ratio of strgths of on-site

and coupling terms = =W . The rescaled Hamiltonian now reads
X 2 | 2
H = p_2k + kq( + (q(+1 q() : (5)

k

2.3. Phenomenology of energy spreading

For the Hamiltonian systems [(1) we state the following question: Hodoes an initially
localized eld spread over the lattice? We focus on very large systerwhere boundary
e ects are not so important (we will discuss their relevance in somasges below). The
distribution of energy is characterized with its density

2 | 2
we==et Baowliq s fgm @) +(a a0l @
We start typically with non-zero values ofwy in a small interval (in most runs 10 sites),
by chosing initial momenta from a Gaussian distribution, and follow thedistribution
Wi (t) in time.
In the case of a lattice without disorder { « = 1), regular waves can propagate along
the lattice. Such localized solitary waves { compactons { have beehdroughly studied
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time t
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lattice site k lattice site k
(@) (a) regular lattice ! = 1. (b) (b) hard disorder ! | 2 [0:5; 1.5].
Figure 1: Time evolution of an initially localized state for =4, =6, W= =1

and energyE = 10. (a): regular lattice, (b): lattice with \hard" disorder. The color
coding corresponds to the logarithm of the local energy excitatidog,,wx. The initial
excitation was uniform on 10 sites.

in [24] for a lattice with W = 0 (i.e. without local potential). An initially localized
perturbation emits compactons that dominate the process of emy spreading. For
W 6 0 it is not known if exact compactons exist in such lattices. In numeécs, we quite
often observe \quasi-compactons" that propagate ballistically @r large distances but
lose energy and therefore eventually stop. We illustrate this in Fig.al In panel[1b
we show the same initial conditions in a disordered lattice, here the gpagation of
\quasi-compactons” is blocked by disorder and one observes a slspreading of the
wavepacket, which will later be quanti ed as subdi usive.

Additionally to the observation of \quasi-compactons”, we see than disordered
strongly nonlinear lattices at any nite time the distribution of energes is strongly
localized, and has sharp edges (we expect that generally the eld @te edges decays
superexponentially fast, as for breather solutions in such latticd85]). This sharpeness
is illustrated in Fig. 2a.

2.4. Measures of spreading

In a statistical context, the spread of a distributionwy can be quanti ed via entropies,
most suitable are the Renyi entropies:
1 X
lg= ——In  w};

1 q .
that allow one to characterize also the spikeness/ attness of thdistribution (in the
context of energy spreading in disordered lattices this approachawintroduced in [16]).
We restrict here to the the entropiesl; and I,, which are nothing else than the usual

Boltzmann entropy and the logarithm of the participation numberP:
X X
|, = W In wi l,= In wW2=InP: (7)
k
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Figure 2: Panel (a) shows the spreading of an initial single site exditan for = 4,

= 6 and energy E = 1:0. The plot shows local energyw, vs. lattice site k for
increasing times 16, 10°, 10° (inner to outer curves). Note the logarithmic scaling
of wy and the exponential drops in this scale. In panel (b) we schematigaplot the
two ways to measure spreading. Averaging at xedl means averaging at xed energy
density, contrary to averaging at xed time.

The participation number is a characteristic of the width of the wavepacket rather
popular in the context of Anderson localization studies |16, 10, 26]Both entropies
de ne the e ective width of the wave packet asL ;., = exp(l1.2) (in particular, L, = P).
As individual dependenciesL (t) demonstrate enormous uctuations, we perform an
averaging of the entropiesl.o(t) over many realizations of disorder, thus obtaining
smoothly growing widthsL (t).

For the strongly nonlinear lattices another approach [18] is evemuerior to the
calculation of the entropies. Here we determine the width of the wave packet as the
distance between its sharp edges as seen in [Eig. 2a (independentiyhe distribution of
the energy between these edges). After determining the spatetend L, we measure
the time T required to excite one new lattice site. So suppose we hdvdattice sites
being excited, then T (L) is the time required to pass froniL to L +1 lattice sites (so this
guantity is in fact a rst passage time). We de ne a lattice site as exited when its local
energy exceeds some bordég = 10 °°. The actual value ofEg was chosen arbitrarily,
but any other value, e.g.Eg = 10 % would produce similar results. The quantity
T can be interpreted as a propagation time foL ! L + 1, it can be determined for
each particular realization of disorder and initial condition. After haing the ensemble of
these propagation times at giveib., we calculate the average propagation time T as the
geometric average ofT (equivalently, we average the logarithms T = exp[Hog T i]).

This second approach is superior to the measurement of the e a spatial extent
L for two main reasons:

() First, T has no explicit time dependence, hence any prehistory does not appin
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later measurements of T. It is therefore easier to compare di erent realizations and
simulations for di erent parameter values and di erent initial conditions using T.

(i) The second advantage relates to the procedure of averagingeo many realizations of
the spreading trajectories. By averaging T(L) for xed L, we average over situations
with the same energy densityw = E=L. If, in contrast, di erent realizations of L(t)
are averaged for a xed timet, situations with di erent energy densitiesw are averaged
together, which is not reasonable if the density is the crucial parameter on which the
properties of the propagation should depend. This is schematicalligesched in Fig.[2b.

3. Fractional nonlinear di usion equation

We study spreading which is induced by nonlinear chaotic interactionbetween
oscillators, it disappears in the integrable (linear) limit. It is known forHamiltonian
systems that chaos might lead to di usive behavior which can be undgdood as the result
of \intrinsic stochasticity” induced by the chaotic motion [27,[28]. h former works, the
nonlinear di usion equation (NDE) was introduced and remarkable siitarities between
its scaling properties and the spreading behavior and numerical v#ts for strongly
nonlinear lattices were found[]18, 23, 29]. The nonlinear di usion eqt@n describes
the spatio-temporal evolution of a density (x;t) with a density dependent di usion
\constant" D( ) a.

@_, @ .@ _ Do @ .

@t @x @x a+l1@% '’
The main idea for introducing such a macroscopic description is the pgthesis, that
the average spreading of the energy in nonlinear Hamiltonian systenof type (1)
follows this NDE. Thus, one identies (x;t) = hwg(t)i where k is understood as a
discretized spatial coordinate and the averaging i is typically taken over ensembles
of trajectories and time intervals. The essential prediction fromhe NDE is the one-
parameter scaling of spreading with the nonlinear exponeatas the only parameter(|18],
which has been successfully tested by numerical studies in sevarates of strongly
nonlinear Hamiltonian systems/[[18, 23, 29]. The motivation for assungna density
dependent di usion constantD( ) in the NDE above was that the strength of chaos in
the Hamiltonian lattices decreases with the energy density. This al$eads to a reduced
stochasticity and thus also the diusion constant should decreasehen the energy
density gets smaller. From the purely power-law nonlinearities in the amiltonian
system it is natural to assume a power-law dependence for the dswn constant
D() a,

Di usive behavior in the phase space, induced by chaos, has beendsed also in
low-dimensional Hamiltonian systems. There, anomalous transpartight occur due to
the mixed phase space structure with regular island in a chaotic se@haotic trajectories
might feel remainders of the destroyed integrability close to suckegular islands which
leads to so-called \accelerator modes[[30,131]. By analyzing the ssthilarity of the

z
with dx = E: (8)
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structure of regular islands it was found that the diusion processshould be more
precisely described by the fractional di usion equation (FDE)32]:

@ _, @

~+ 0 =~

@t @%
where @=@t denotes the fractional derivative of order > 0 in the Caputo sense,
de ned later. This fractional time derivative introduces a memory ect and thus
accounts for the sticking of trajectories to surviving integrabledri in the mixed phase
space.

There is no general reason why such an e ect should not be seen e tstrongly
Hamiltonian lattices discussed here. The phase space of couplednhanic or nonlinear
oscillators might also exhibit islands with integrable trajectories andhus possibly give
rise to phenomenon describable by a fractional di usion equation.olaccount for both
e ects, the reduction of chaoticity due to a decreasing density anthe possibly mixed
phase space, we introduce here the fractional nonlinear di usiom@ation (FNDE) as
a phenomenological model to describe the spreading process inlim@ar Hamiltonian
systems [(1):

@ _, @ .@
@t  ‘@x @x

As above,@ denotes the Caputo fractional derivative, de ned as:

9)

Z

Do @ wu. i dx = E: (10)

atl1@% '

8
@ (xt) .
@ (xt) 2 et for 2N; an
@t e T (S 1%d else;

with n = d e 2 N being the smallest integer withn >

3.1. Scaling properties of the FNDE

In the following, we will analyze the FNDE to deduce its scaling predictits for spreading
states. Our analysis will closely follow previous considerations of tme@rmal NDE (8),
where the source-type solution can be found explicitly from a selfyslar ansatz [33].

First, we look at the scaling properties related to a change of the meerved
guantity E. Therefore, we assume that (x;t) is a solution of (10). We rescale this
solution to nd a new solution ~x; t) using a scaling parameteb:

~=b; t=bt (12)

with a scaling exponent such that ~is again a solution of [(ID). A straight forward
substitution of ~into the FNDE, de ning 4 , := @, gives the terms:

4 X~a+1 = B4 < (13)
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and Z.
Q~: ; (t ~ *" 1wd~: bt 2 Q
@ (n ) o @" @t
The nonlinear fractional di usion equation hence reads:
D
— ptl 0 a+l .
b @ =BT T4 (14)
This is a scaled version of_L(10) if = 2. If we now setb= 1=E we can nd the scaling

relation of the time that is implied when reducing a solution with arbitray energyE to
the normalized caséE = 1, namely:

t= E¥ t: (15)

Note, that this result is compatible with previous ndings for the usal NDE ( = 1),
where one indeed ndst"= E?t. It means that for any solution (x;t) with arbitrary
energyE, time and energy always have to appear in the combination above j15

For both, the nonlinear di usion equation ( = 1) and the linear fractional di usion
equation (@ = 0), one nds source-type solutions by using a self-similar ansatzt is
therefore natural to expect that this ansatz would also be sucssful for the FNDE (10)
considered here. Thus, we use the self-similar ansatz:

(xt)=1t f(xt ) (16)

to identify some scaling properties of the nonlinear fractional di usn equation. We

start with demanding the conservation of energy:
Z Z Z

E= dx= t f(xt )dx=t f (y)dy:

Hence, we conclude = in the self-similar ansatz, because the r.h.s. has to be
independent of time. Considering the FNDE directly, one nds for te r.h.s. of [10):

4, b=t @Dt 24 fa, (17)

The fractional derivative can be evaluated as:
Zt

@ =t Tt )=y () TRAE Tt N =ty FE);
0
where we usex = yt and introduce the integralF (y):
Z=
— 1 1= 1= +n 1 11= n1 1 :
F(y) = ) (y ¥o) ¥ Q@ }f (1= dy (18)

0

Using these expressions, the FNDE for this self-similar ansatz gives

Do

t(a+2) 1 = F -
y W= 11

4 fart: (19)
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Thus one is left with a closed integro-di erential equation forf (y), if the scaling

exponent is set to:

= a+2: (20)

Here, we will not look further at solutionsf (y), but rather suppose that such a solution
exists. We note that this result is consistent with self-similar solutios for the linear
fractional NDE (a = 0) [B4], where the scaling was found to be = =2. The scaling
properties of such a solution then imply predictions on the spreadingamelyL t ,

where L is some length scale of the spreading state, e.g. the width. Using tresult

from above [I5) one can also deduce the correct energy scalinghié spreading law
L (E* t) , which gives the following scaling prediction for spreading:

L t to 2
— — 21
E = (21)
Solving for t and taking the derivative with respect toL, one also nds a scaling
prediction for the excitation times:

a+2

_ dt L
EtE - = 22
dL E (22)

Both results resemble the relations for the NDE with = 1 reported earlier [18,29] and

summarized in the next section.

3.2. Self-similar solution of the NDE

For the FNDE it is at the moment unclear if the pro le of the self-similarsolution f (y)
can be found analytically by solving[(I9). For the usual NDE where = 1, the ordinary
di erential equation for the scaling function f (y) is much simpler [29]:

Do
a+1l

f x@f = 4 fat, (23)

with = 1=(a+ 2) as above. This ODE can indeed be solved explicitly which leads,
going back to the original variables (x;t), to the following self-similar solution of the
NDE [35]:
8
<

(xt) =,

I

2(a+2)(t to)?

0 for jxj>X (1) ;

(t to) CcE® 2 _ % for jxj<X (t); (24)

with ¢ being a constant of integration which follows from the energy consation:

@ (@=2+1=9 *

= 2@+2 (@+199

X (t) is the sharp front of the eld and has the following time dependence

r
X (t) = 2c2+Ta(Ea(t to) a7 : (25)




Energy Spreading in Strongly Nonlinear Disordered Lattice 11

10° ‘
. — T=10°
10° ‘ ‘ ‘ ‘ ‘ ‘ ‘ 102 . o107
10-4 L
1072} ] 1 107
1 LIJC 10-8 L
10-10 L
103} ] 1012 |
200 150 100 50 O 50 100 150 200 107}
X
10—16 L L L
0 5000 10000 15000 20000
(a) (a) Self-similar solution. (b) (b) Numerical spreading state.

Figure 3: (a): Self similar solution (x) as given by eq. [24) of the NDE fora = 2
at times t = 104, 10°; 10°; 107; 10° (inner to outer lines). Note the logarithmic scaling
of . (b) shows the averaged local energy excitatiohE,i of the spreading state in a
nonrandom lattice at timesT = 10 and T = 10" for = =6 and = 4. The
average is taken oveM = 48 random initial conditions. The dashed black line shows
the corresponding analytic self-similar solution of the NDE.

The solution has sharp edges (see Fig. 3) and its spatial extensiorgigen by X . The
size of the wave packet grows in time as a power law, which can be es@nted in a
scaling form as

X t ty a2

E = (26)

In order to get rid of the undetermined time o setty, we calculate, following[[18], the
local inverse velocity of the spreading astddX and obtain for it the following scaling

law: el
1 dt X _
EdX E @7

Identifying the excitation edge X with the spatial extent L before, one sees that this

indeed corresponds with the scaling result for the FNDE above (21(R2) for = 1.

3.3. Implications for spreading in lattices

In our numerical simulations of strongly nonlinear lattices, one appach is to calculate
the characteristic size of the wave packet by appropriate averiag of the entropies [(7).
In particular, we can directly attribute the size of the eld at a giventime to the

participation number, so thatin (ZI)L L . Thus, if we assume that the NDE provides
an adequate description of the spreading in strongly nonlinear latés, the spreading
data for di erent energies should ful Il scaling (21), where the costants anda depend
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generally on the powers;
L t ty a2
E E=
Similarly, in the second method we calculate the average timeT needed for
spreading, in dependence of the eld spatial extend.. This quantity directly
corresponds to the inverse velocity in[(22): téddL T. Thus, we expect that the
times T behaves as:

(28)

a+2

T L
E= 1 E : (29)
We note that in both predictions, (Z8) and [29), the two in uencesfrom the fractional
derivative < 1 and the nonlinearitya > 0 can be nicely separated. The energy scaling
in the .h.s. of (29) is solely dependent on, so rst by identifying the energy scaling in
the numerical results one can determine. The power law of the subdi usive spreading
than determines the nonlinearity parametera. We already note here that in some cases
we numerically nd a density dependent nonlinear exponerd(w) wherew is the energy

density w = E=L [18].

4. Results

In the following sections we report on extensive numerical simulatienof strongly

nonlinear lattices, trying to check the predictions of the NDE fram&ork. For the

numerical time evolution we used a 4th-order symplectic Runge-Kiat scheme([36], 37],
mostly with step-size t=0:1.

4.1. Homogeneous nonlinearity

Scaling induced spreading prediction. We start with the case of homogeneous
nonlinearity = in (L), where the local and coupling potential have the same nonlinea
power:
_ X 12 .
H= S+ q+ (G 0) (30)

k
Here, is the parameter determining the relative strength between locahd coupling
potential and the total energy can be rescaled to unity as descab in section 2.2 and
is thus not a free parameter in the equations. We can nd a relationdiween the order
of the fractional derivative , the nonlinearity of the FNDE a and the parameter for
this homogeneous case. Indeed, from the scaling invariance of He@miltonian in (4),
we obtain that the time scales with energy as:

t E 2 : (31)

On the other hand, the FNDE obeys the scaling relationt to, E 2 (I15). Motivated
from previous results, we assume that the FNDE gives a correct grascopic description
of the spreading process. If this assumption is true, then the g&ding states have to
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Figure 4. Excitation times T for the lattices with homogeneous nonlinearities,
= = 4 (left panels) and = = 6 (right panels). The black dashed lines in

the upper graphs show the predicted behaviors [s€e](33)f L = L°* (left) and
T L L*3 (right) respectively.

ful Il both scaling relations above, which gives the nonlinearity pararatera as a function
of and

a= 2—: (32)

To get an exact spreading prediction, one still has to obtain the pameter of the
fractional derivative that is introduced to account for the mixed fhase space of the
system. However, in the following we will consider situations of largeegurbations
where it is reasonable to assume that the phase space is fully chad@&]. Large
perturbation means that the coupling parameter is of the order 1. In this case
we expect that the perturbation is strong enough to destroy allemainders of the
integrability for = 0, and thus we make the assumption that = 1. This then
gives the following spreading predictions:

2
L (t to)= : T L a= (33)

These exact relations will serve as a test for our assumption thahe NDE adequately
describes the spreading in nonlinear Hamiltonian lattice§1(1).

Comparison with numerical results. To test the theoretical predictions [38) we
follow the evolution in a one-dimensional lattice with! 2 [0; 1], started from a single
site (or several sites for = 6) excitation in the middle. For several values for the
nonlinear strength = 0:25,0:5;1;2 we integrated the system up toT = 10° and
analyzed the spreading in terms oP(t) and T(L). This was repeated forM = 100
realizations of disorder. Figl4 shows the averaged results of taesns for the excitation
time T(L)for =4 (leftpanels)and =6 (rightpanels). In both cases we nd a quite
nice agreement of the numerical results with the analytic predictianof the NDE (33).
We also performed simulations choosing the disorder to bg 2 [0:5; 1:5] and got similar
results (not presented here). Additionally, results for the direcspreading measuré (t)
were obtained which show the same agreement with predictidn{33)dhare also omitted
here [18]. To our opinion, the agreement between numerics and picten is a rather
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(2) (2) Regular lattice with = = 4. (b) (b) Regular lattice with = =6.

Figure 5: Participation number for a nonrandom lattice with = = 4 (a) and

= = 6 (b) averaged overM = 48 random initial conditions (solid lines). The
dashed lines shows the NDE predictio®  t*° and P t37 respectively. In the
inset we plot the numerical spreading exponent obtained from nite di erences of the
method above, the dashed line there also corresponds to the espdon from the NDE.

convincing evidence that the NDE provides the proper frameworlotmodel the average
energy spreading in nonlinear Hamiltonian chains.

Remarkably, the NDE scaling [3B) holds also for one-dimensional latés without
disorder. Fig.[5 shows the participation number evolution for latticgB) with ! =1
and = 4;6. In this case the excitation times T are not the proper measures as
they are dominated by quasi-compactons (cf. Figl 1(a)), but thearticipation number
calculations are insensitive to such modes. For them we expect frdB8) the scaling
P (t to)tszi2 which is con rmed in Fig.[5. This is also supported by the direct
comparison of spreading states from the numerical simulation toeétrself similar solution,
as can be seen in right panel of Figl 3. Note that in the end of the sihation for =1;2
in Fig. B4, the spreading state has hit the lattice boundaries leading ta saturation of
the participation number and a decrease of the spreading expohen

Summarizing these results, we have found that from the assumptiof the validity
of the NDE we derived an exact spreading predictions for a fully chio phase space in
Hamiltonian lattices with homogeneous nonlinearity = . These predictions were to
a high accuracy veri ed as the asymptotic behavior in numerous nugnical simulations.
We note that this spreading process can also be observed in theeca$ a regular on-
site potential were disorder is completely absent, Figl 5. This showkat disorder
is not required for the spreading phenomenon, an observation a&dy made for 2D
lattices in [23]. Hence the subdi usive spreading is not a result of thetgrplay between
nonlinearity and disorder, but rather a more general phenomendately called \Chaotic
Di usion” [23] 29]. To further verify the assumption of = 1 above due to the fully
chaotic phase space it would be very interesting to study the behav for smaller . If
our argument is correct one would expect some dependenge) where also decreases
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Figure 6: Excitation times T(L) for =4, = 6 with energiesE = 0:001:::0:05.

Panel (a) shows the original data while in panel (b) you see scaledrigbles as
suggested by the FNDE with = 1:08: T=E%% vs. L=E. The dashed line has slope
(a+2 )= =2:6.

for smaller values of . This will be the subject of future studies.

4.2. Nonlinear Oscillator, Nonlinear Coupling

Numerical Results. After having found that the NDE provides a good description
of the spreading for the case of homogeneous nonlinearity, wertunow to a general
situation with 6 . In this section we study the case of fully nonlinear oscillators,
hence we choose =4 and =6;8. In this case, the disorder parameter in (8) does
not have the meaning of an oscillator frequency, but is the coe cigrdetermining the
nonlinear strength. The real frequency of oscillations depends ¢ime local energy at
the site. In Fig. [ we show an exemplary time evolution of an initially localed state
in such a lattice. For this non-homogeneous case, the enefgys the crucial parameter
in the Hamiltonian. That allows us to independently determine the panaeter and a
from numerical simulations by rst identifying the energy-scaling othe spreading and
then computing the slope of the subdi usive process. That meansewvill compare the
numerical results with the spreading predictions fronT(28) and_(29

We start with the case =4 and = 6 and investigate the excitation times T(L)
for di erent total energies. The results of our simulations for 2 [0:5; 1:5] are shown
in Fig. 6. In the right panel the scaling as suggested by the FNDE_(2% applied and
we found the best overlap of the individual curves for the paramet value = 1:08 that
gives the scaling exponent 1 2= 0:85. That means we nd only a slight deviation
from the pure NDE case where = 1, hence the in uence of the mixed phase space is
rather small, but clearly identi able as for =1 the curves do not overlap as perfectly
(cf. [18]). The numerical data also nicely follow a straight line as seen kig. [60. This
indicates subdi usive behavior with a slope & + 2 )= 2:6 from a numerical t
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values: =1 (a)and =1:18 (b). The inset in (b) shows the slope of the scaled data
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prediction (a+ 2 )= 3.7 from microscopic dynamics.

and we thus calculate the nonlinear exponent in the FNDE as  1:8.

In a second simulation we studied the case=4 and = 8. The results are shown
in Fig. [lwhere two scalings with =1 (Fig. 7a) and = 1:18 (Fig.[7h) are compared. It
is clear from these graphs that the normal NDE with = 1 does not predict the correct
scaling as the curves for di erent energies do not overlap in Figute.7 For = 1:18,
the scaled variables according to the FNDE are T=E%7 vs. L=E and Fig. [7D shows
that for this choice indeed a convincing overlap of the individual cues is observed. In
contrast to the case = 6, the scaled curve for = 8 does not follow a straight line.
We explain this by the fact that we have not reached the asymptoticegime yet in this
study. Indeed, the numerically accessible parameter range forettenergy densityE=L
goes only down toE=L 10 2 in Figure[7H, while for =6 we were able to go almost
two orders of magnitudes lower. To still quantify the slope in this caswe performed
a polynomial t of the scaled data and plotted the derivative of this tted curve in
the inset in Figure[7Db. The result indicates a convergence of this sl@and hence an
asymptotically constant value fora  3:5. The dashed line in this inset represents our
theoretical prediction for this asymptotic value to be explained in th next subsection.

In summary, we have found here that for fully nonlinear oscillators, = 4 and

= 6; 8, the spreading of initially localized excitations can be nicely describday the
FNDE. With the scaling approach we were able to separate the two maneters and
a of the FNDE and determine their values from the numerical resultsrothe excitation
times. The power of the fractional derivative was obtained as = 1:08 for =6 and
=1:18 for = 6. For = 6 the scaled spreading was found to behave as a power
law with some slope & + 2 )= 2:6 which gives the nonlinearity parameter of the
FNDE asa 1:8. For = 8 we could not reach the asymptotic behavior and hence
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found a density dependent slope, but a numerical estimation of th&ope indicates for
a convergence against the valuea¢-2 )= 3:7 which meansa 3:5. We conclude
that the FNDE is a good model to describe spreading in fully nonlinear ailtonian
systems.

Microscopic spreading dynamics. In [23] a microscopic model of spreading was
developed that lead to an exact prediction of the spreading expamdor a regular two-
dimensional lattice ( « = 1) of harmonic oscillators with nonlinear coupling. Here, we
will follow this idea and try to nd a reduced system that describes tb dynamics at
the excitation edge. The idea is to understand the mechanism of h@awnew oscillator
is excited from the chaotic forcing induced by its already excited ndigor.

For harmonic oscillators with! = 1, the situation was particularly easy because
all oscillators were in resonance due to the absence of disorder. efidfore, in [23] it
was enough to consider only two coupled oscillators at the edge, axeited and one at
rest, to obtain a correct spreading prediction. For the nonlinearszillators with =4
studied here it is immediately clear that considering only two oscillatorsvill not be
su cient. The Hamiltonian for two coupled oscillators is:

L_BrE g
2 4

+Ya ) (34)

where ¢; p; denote the already excited oscillator with a local energy densitw
p2=2 + ¢f=4 while the second oscillator is at rest:q = p, = 0 with a zero energy
density w, = 0. Because the second oscillator is subject to a non-resonantdiog it
will, for small energy densitiesv, only become excited up to an energy density according
to standard perturbation expansion which meansy, w=* w. Hence, for small
densities there is almost no energy transport from the excited tdeé resting oscillator
which would imply that spreading should stop because no new oscillatoget excited.
This prediction is clearly wrong as is seen from numerical spreadingsuvéts presented
above. The reason is that the two oscillator model is too simple to de#e the spreading
process. Thus, we consider more complex situations wilh oscillators, were the rst
N 1 oscillators are excited with some energy density, while the last oscillator is
at rest. From examining the geometric properties of the resonaex of such coupled
nonlinear oscillators it can be argued that only foN 5 energy transport to the last
oscillator through a global chaotic layer is expected [29].

Here, we will verify this conjecture by a numerical simulation. Consét a situation
with N 1 excited oscillators with an energy densityv as described above. One way to
guantify the energy transport to the last, resting oscillator is by reasuring the timeT
that is required for this oscillator to become excited to some critic&nergy density above
the perturbative description. This time is very similar to the excitation times introduced
earlier to quantify spreading. Here, we will x the number of excitedoscillators and
just measure the time as a function of the energy density(w). If T diverges then
no energy transfer beyond the perturbative excitation is taking lace. In Figure[8
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Figure 8: Excitation times as a function of energy densityl (w) for the microscopic
model of N oscillators. Solid lines represent maximum values of the Monte-Carlo
ensemble study and circles correspond to logarithmic ensemble aggrshog,, Ti.

we show the results from a Monte-Carlo study o (w) for an ensemble oM = 100
random initial conditions and di erent numbers of oscillatorsN = 2 :::7. The bold
lines correspond to the maximum times maX from this ensemble of initial conditions
for eachN and density w. In both cases, = 6 (Figure Bd) and = 8 (Figure Bh),
one de nitely observes a divergence af for N < 5. ForN 5, however, we found an
asymptotic power-law dependencé (w) w with 1.7 for =6 and 3.0
for =8. So rstly we note that the microscopic model withN 5 predicts spreading
with an asymptotic power-law behavior. To connect these numericaesults from the
microscopic dynamics to the macroscopic spreading one can identtg microscopic and
the macroscopic excitation times T  T. Noting that the number of oscillators in the
microscopic remains constant and only the energy density changeg nds the following
prediction for the macroscopic excitationtime T E . Translating this into the scaled

variables used earlier one nds that @ + 2 )= =2= 1 and thusa= =
For = 6 the nonlinear exponent was calculated from the numerical sprdamg as
a= 1:7, which is in a very good agreement with the microscopic result 1.7

shown in Figure[6b. For = 8 the asymptotic behavior of the macroscopic spreading
is also in very good agreement with these microscopic results as 3 appears to
be very close to the asymptotic sprading behavior wheis= 3 in Figure[7B. Thus
we conclude that a microscopic model dff = 5 oscillators is enough to understand
the macroscopic spreading properties in long, macroscopic chairissach oscillators.
However, at this point the exponent was only obtained from numerical results and
analytical treatments remain a challenge for future work.
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Figure 9: Excitation times T(L) for the case with harmonic on-site term and nonlinear
coupling =2, =4 and on-site disorder! ( 2 [0;1]. In panel (a) we plot the direct

results T(L) while in panel (b) the scaling from the FNDE with = 1 has been

applied, hence the scaled variables T=E vs. L=E. Each color/symbol belongs to an
averaged value over disorder realizations for a xed enerdy. The inlet in (b) shows

the dependence of the nonlinearity indea(w) on the densityw = E=L, obtained via

polynomial tting of the data (dashed black lines).

4.3. Harmonic Oscillators, Nonlinear Coupling

Finally, we turn to the most complicated situation of harmonic oscillates with random
frequencies and nonlinear coupling. Therefore, we assume thesite- potential to be
guadratic = 2, for the coupling we chose =4 and = 6. This case corresponds to
a rather general situation of nonlinear disordered lattices, whetia the representation
of linear eigenmodes one can also interpret the system as an endena nonlinearly
coupled linear modes. The most prominent example of such a situatimthe Discrete
Anderson Nonlinear Schredinger Equation (DANSE-model) [7] whighf treated in the
eigenmode basis, consists of localized harmonic modes with nonlineanpting. The
main di erence between this setup and the strongly nonlinear latticeconsidered here is
that in the DANSE-model the coupling between the modes has ranaiocoe cients and
is exponentially decaying in space due to the overlap integrals betwethe localized
modes. In contrast, the strongly nonlinear lattices studied hereale only a nearest
neighbor coupling without a random coupling coe cient. Similar to the sudies before,
we analyze the excitation times T(L) as function of excitation lengthL for di erent
energiesk to check the predictions of the FNDE scaling[{22).

At rst, we report the results for = 2 and = 4. Note that some of these
results have already been presented in [18]. All results are agaireeaged over di erent
realizations of disorder and we studied two ways of choosing the thom frequencies.
Figure[@ shows the results for ¢ 2 [0; 1] and Figurel1D forl | 2 [0:5; 1:5]. Both cases are
qualitatively very similar. At rst, we identify the energy scaling to seemingly follow
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Figure 10: Excitation times T(L) for the case with linear on-site term and nonlinear
coupling =2, =4 and on-site disorder! ( 2 [0:5; 1.5]. Panel (a) shows the plain
data while in (b) we applied the scaling of the FNDE with = 1. The inlet in (b) shows
the dependence of the nonlinearity indexa(w) on the densityw = E=L, obtained via
polynomial tting of the data (dashed black lines).

the prediction of the FNDE with =1 as seen from the good overlaps in Figurés|9b
and[10B. The resulting curves, however, are not straight lines buther exhibit a clear
curvature bending upwards. This has already been reported earlijg8] and is not yet
fully understood. Phenomenologically this behavior can be quanti etly introducing a
density dependent nonlinearity indexa:

dlog =
a(w) = J L
dlogg
From (22) one nds that for = 1 the slope of the rescaled curves is simply given by

a(w)+1. Thus we evaluate this slope by means of a polynomial t and plothe resulting
numerical value fora(w) in the insets in Figures.9b and_10b. Qualitatively, there is no
di erence between the two choices of disorder in Figuré$ 9 andl 1Qtkquantitatively
the increase of the nonlinearity indexa(w) is faster for! 2 [0:5; 1.5].

In Figures[11 and[IR we show the results of a similar study with the coling
nonlinear exponent = 6. The results are again qualitatively the same as above in that
we nd scaling with =1 and a density dependent nonlinearity indexa(w) shown in the
insets of Figure$ 11b and 12b. Hence, this seems to be a universetipe for spreading in
lattices of harmonic oscillators with random frequencies and nonlineaearest neighbor
coupling. It should be noted that the density dependent spreadingan not be described
by introducing a density dependent parameter of the fractionaletivative (w), because
this would mean a density dependent energy scaling which is not obgt here. We also
note that by introducing a density dependent nonlinearity indexa(w) into the FNDE
(or NDE as we have =1 here) destroys the self-similar solution and even the scaling
prediction. However, the density dependence is found to be vereak a(w) log;ow
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Figure 11: Excitation times T(L) for the case with harmonic on-site term and
nonlinear coupling = 2, = 6 and on-site disorder! y 2 [0;1]. In panel (a) we
plot the direct results T (L) while in panel (b) the scaling from the FNDE with =1
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Figure 12: Excitation times T(L) for the case with linear on-site term and nonlinear
coupling =2, =6 and on-site disorder! ¢ 2 [0;1]. Panel (a) shows the plain data
while in (b) we applied the scaling of the FNDE with = 1. The inlet in (b) shows
the dependence of the nonlinearity indexa(w) on the density w = E=L, obtained via
polynomial tting of the data (dashed black lines).

and thus the rate of change o& is much slower then the spreading time scale. Thus, it
is reasonable to treat the energy spreading in a rst approximationsinga = const and
then analyze the slow deviations afterwards. The question of thesyamptotic behavior
remains, however, open: from the data presented here we canpalge whether the
spreading e ectively stops, or continues with an increasing index, or some transition
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to another law of spreading (e.g., a logarithmic one) occurs.

5. Conclusions

Motivated by previous observations of subdi usive behavior in nonliear disordered
systems and anomalous di usion in chaotic Hamiltonian systems, we miduced the
fractional nonlinear diusion equation as a phenomenologic model tdescribe the
spreading process in disordered one-dimensional Hamiltonian latscef nonlinearly
coupled oscillators. We have found that with the FNDE it is possible toxplain in a
consistent way the subdi usive spreading behavior and the energgaling of spreading
states. Analysis of self-similar solutions of the FNDE not only predista subdi usive
spreading, but also induces a scaling of time and energy of the spmheg process
according to relations [ZIL[22), which depend on parametersand a, responsible for the
index of the fractional time derivative and of the nonlinearity, respctively. We tested
these scaling laws on a class of nonlinearly coupled oscillators with diesit values of
the nonlinear indices (local nonlinearity) and (coupling nonlinearity). Our main
result is that there are three qualitatively di erent \universality classes" in regard of
relations between;a and ; . Speci cally, we have found the following three cases of
nonlinearities that demonstrate di erent scaling of spreading:

(i) For homogeneous nonlinear potentials, where = , we were able to deduce
an exact spreading prediction from the scaling property of the Haltonian equations
and the FNDE when assuming a fully chaotic phase space. We arguduhat here
the nonlinear diusion equation with = 1, i.e. with normal time derivative and
the nonlinearity index a = 2—2 should be applied. This analytic prediction has been
con rmed numerically as the asymptotic spreading behavior. As an iportant result
we again note that subdi usive spreading was also found in the regulaase without
disorder. This further supports the claim that disorder is not reqined for the spreading
and it indeed seems reasonable to call this process "chaotic di usidi23| 29].

(i) In the fully nonlinear case with local nonlinearity index of the oscillabrs

= 4 and the nonlinearity indexes = 6;8 in the coupling, we have found that the
numerical spreading results follow the energy scaling as predictedrh the FNDE with
the fractional time derivative of order = 1:08 (for =6)and =1:18 (for = 8).
This is compatible with previous ndings on anomalous di usion in low-dimasional
Hamiltonian systems were the mixed phase space also leads to a i@l di usion
equation with > 1 [39]. Furthermore, for this case we were able to construct a
microscopic model of the dynamics at the excitation edge that predls the correct
spreading behavior veri ed in direct numerical simulations.

(i) In the case of nonlinearly coupled harmonic disordered oscillatgrsve have
veri ed that the energy scaling follows nicely the prediction of the nwnal nonlinear
di usion equation (fractional order = 1). However, the spreading does not follow
a pure power law as predicted by the NDE. Instead, we have identidea remarkable
dependence of the e ective index of nonlinearity of the FNDE on thenergy density
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a(w). In all cases considered we have observed thaincreases asv becomes smaller,
although the particular pro les of a(w) depend on the nonlinearity in coupling and on
the disorder. As the e ective nonlinearity increases in the coursef gpreading, this
means a slowing dqwn of the spreading process compared with thef@e power law, as
in this caseL  taw . Unfortunately, we are not able to present a microscopic model
of the edge dynamics at this point, mainly due to the highly complicatedesonance
structure that emerges when considering nonlinearly coupled haomic oscillators with
random frequencies. Consequently, it is also not possible to judgerh the data what
is the asymptotic behavior of the spreading for times beyond thosevailable in our
numerics.

Our ndings rely to a large extent on the novel quantity characteizing the
spreading, the averaged excitation time introduced in_[18]. This qutty is de ned
for a particular size of the wave packet, and thus for a particularalue of the density. It
thus allows us to reveal the density dependence of the spreadirfw@cteristics, what
is hardly possible with old approaches where, e.g., averaged partidcipa numbers have
been followed. Unfortunately, the calculation of averaged excitains is relying on the
sharp edges of the eld, so its application to linearly coupled latticeshere eigenmodes
are exponentially (but not sharp) localized, remains a challenge farttire studies. We
stress once more that in our study we consider the fractional niimear di usion equation
as a phenomenological model guiding the scaling relations of the plieyh. Its derivation
from the microscopic model appears, at the present stage, asoaplex, not yet resolved
problem. In this respect we refer to papef [40], where an attemp derive a nonlinear
di usion equation for the two-dimensional disordered nonlinear Sa¥dinger equation
is presented; the resulting conclusion on the linear in time growth ohé variance of
the wave packet (like in normal di usion) does not, however, corgpond to numerical
ndings of subdi usion in this model [41]. Further attempts are necssary to resolve
this problem.
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